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Abstract
The aim of this paper is to study the group of elliptic units of a cyclic
extension L of an imaginary quadratic field K such that the degree [L : K]
is a power of an odd prime p. We construct an explicit root of the usual top
generator of this group and we use it to obtain an annihilation result of the
p-Sylow subgroup of the ideal class group of L.
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Introduction
This work was motivated by the series of papers [2], [3] and [6], which
studied annihilators of the p-Sylow subgroup of the ideal class group of a
cyclic abelian field L over Q, whose degree is a power of an odd prime p;
these annihilators were obtained by means of circular units. The goal of
this paper is to study annihilators of the p-Sylow subgroup of the ideal class
group of a field L which is a cyclic extension over K, where K is an imaginary
quadratic field whose class number h = hK is not divisible by p. In this new
setting, the former role played by the circular units is now being played
by the so-called elliptic units. Similarly to the previous series of papers,
certain annihilators of the ideal class group of L are obtained by means of
elliptic units above K. Recall that, in essence, an elliptic unit above K is
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a unit which lives in an abelian extension of K and which is obtained by
evaluating a certain modular unit (i.e. a modular function whose divisor is
supported at the cusps) at an element τ ∈ K ∩h, where h corresponds to the
Poincare´ upper half-plane. Depending on what applications one has in mind,
different choices of modular units have been considered in the literature. For
the present paper, we use a slight modification of the group of elliptic units
introduced by Oukhaba in [7]; the only difference being that we do not raise
the generators of the group of elliptic units considered in [7] to the h-th
power. The index of our group of elliptic units CL in the group O×L of all
units of L is given in Lemma 7. Then, starting from the group CL, we proceed
to extract certain roots (where the root exponents are group ring elements)
of the generators of CL which again lie in L. These roots of elliptic units
allow us to define an enlarged group of elliptic units CL, whose index in O×L is
given in Theorem 14. This enlarged group CL form an important ingredient
of the main result of this paper: any annihilator of the p-Sylow part of the
quotient O×L/CL must annihilate a certain (very explicit) subgroup of the
p-Sylow part of the ideal class group of L, see Theorem 27.
We would like to emphasize that many of the techniques used in this paper
borrow heavily from the ones introduced in [2] and [6]. In order to keep the
paper within a reasonable size, we faced the problem of choosing what proofs
to present in full details and what proof to only sketch (or omit). For each of
the proofs, we have decided to distinguish whether the needed modifications
are straightforward or not. Of course, such choices are subjective but we hope
that our chosen style clarifies the overall presentation, and, at the same time,
has the effect of highlighting the new ideas. For example, in the construction
of nontrivial roots of elliptic units given in Sections 4 and 6, we decided to
give all the details, whereas the necessary modifications of Theorem 26 in
the style of Rubin are left to the reader.
1. Notation and preliminaries
Let K be an imaginary quadratic number field, H = HK be the Hilbert
class field of K, h = hK = [H : K] be the class number of K, and let L/K
be a cyclic Galois extension of degree pk where p is an odd prime and k is a
positive integer. We let Γ = Gal(L/K) = 〈σ〉 where σ is a fixed generator.
We suppose that p ∤ h and that there are exactly s ≥ 2 ramified primes in
L/K. It follows from the first assumption that L∩H = K. Let ℘1, . . . , ℘s be
all the (pairwise distinct) prime ideals of K which ramify in L/K. For each
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j ∈ I = {1, . . . , s} we choose a generator πj ∈ OK of the principal ideal ℘hj
and we let qj ∈ Z be the only rational prime number in ℘j . We suppose that
p is unramified in L/Q and that each qj is unramified in K/Q. In particular,
this implies that p ∤ |µL|, and that p 6= qj for all j ∈ J . Here µF denotes the
group of roots of unity of a field F .
For each j ∈ I let us fix an arbitrarily chosen prime ideal Pj of L above
℘j. Let tj be the ramification index of Pj over ℘j and let nj be the index
of the decomposition group of Pj in Γ. It follows that tjnj | pk and that
{Pσij }nj−1i=0 is the full set of distinct prime ideals of L above ℘j . In particular,
we have the following decomposition:
℘jOL =
nj−1∏
i=0
P
tjσi
j .
We consider the completion Qqj ⊆ K℘j ⊆ LPj of Q ⊆ K ⊆ L. Since the
extension of local fields LPj/K℘j has a ramification index equal to tj , it
follows from local class field theory that the group O×K℘j of units of OK℘j
has a closed subgroup of index tj, namely the subgroup NLPj /K℘j (O×LPj ).
It is well-known that O×K℘j is the direct product of the group of principal
units Uj = {ǫ ∈ O×K℘j ; ǫ ≡ 1 (mod ℘j)} and of the subgroup of roots of
unity of orders coprime to qj , which is a finite cyclic group isomorphic to
(OK℘j /℘jOK℘j )× ∼= (OK/℘j)×, whose order is |OK/℘j| − 1 = NK/Q(℘j)− 1.
Moreover, it is well-known that if the index of a closed subgroup of Uj is
finite, then this index is a power of qj , and so it is coprime to tj (a power of
p). Therefore, we must have NK/Q(℘j) ≡ 1 (mod tj).
Since ℘1, . . . , ℘s are all the prime ideals which ramify in L/K and there
is no real embedding of K we see that the conductor of L/K is
∏
j∈I ℘
aj
j for
some positive integers aj ≥ 1. Since tamely ramified extensions have square-
free conductors (see for example [1, II.5.2.2(ii) on page 151]), we must have
aj = 1 for all j ∈ I.
2. The distinguished subfields Fj’s
For each non-zero ideal m ⊆ OK , let us denote by K(m) the ray class
field of K of modulus m. For any subset ∅ 6= J ⊆ I = {1, . . . , s}, we also
let mJ =
∏
j∈J ℘j. In the previous section we showed that L ⊆ K(mI). In
fact, more is true. A simple exercise in class field theory shows that the
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index [K(mI) :
∏
j∈I K(℘j)] divides a power of |µK |, where the product is
meant for the compositum of the fields K(℘j)’s. Since p ∤ |µK|, it follows
that L ⊆∏j∈I K(℘j).
We would like now to introduce, for each index j ∈ I, a distinguished
subfield Fj ⊆ K(℘j). The following elementary lemma will be used in the
definition of Fj and also in Definition 16.
Lemma 1. Let T be an abelian group (written additively and not necessarily
finite) and let n be a positive integer. If T/nT ∼= Z/nZ then T admits a
unique subgroup of index n, namely nT . Let (T, S, n) be a triple such that
T is an abelian group, S ≤ T is a subgroup of finite index [T : S] and n is
a positive integer. Assume that gcd(n, [T : S]) = 1. Then the natural map
π : S/nS → T/nT is an isomorphism.
Proof. The elementary proof is left to the reader.
From class field theory we have a canonical isomorphism Gal(K(℘j)/H) ∼=
(OK/℘j)×/ imµK , which is a cyclic group of order divisible by tj. Since p ∤ h,
we may apply Lemma 1 to the triple (Gal(K(℘j)/K),Gal(K(℘j)/H), tj) and
define Fj as the unique subfield of K(℘j) such that [Fj : K] = tj. One may
check that the extension Fj/K satisfies the following properties: Fj∩H = K
and Fj/K is unramified outside of ℘j and totally ramified at ℘j .
For any ∅ 6= J ⊆ I = {1, . . . , s}, it is convenient to introduce the short-
hand notation KJ = K(mJ) and FJ =
∏
j∈J Fj ⊆ KJ . Note that the
conductor of FJ over K is mJ . It follows from the definition of FI that
Gal(FI/FI−{j}) is the inertia subgroup of a prime of FI above ℘j (note that
I − {j} 6= ∅ since |I| ≥ 2). In particular, for each j ∈ J , |Gal(FI/FI−{j})| =
tj . The next lemma gives the main properties of the Galois extension FI/K.
Proposition 2. For each j ∈ I, we have FjKI−{j} = LKI−{j}. The Galois
group
G = Gal(FI/K) =
∏
j∈I
Gal(FI/FI−{j}) (1)
is the direct product of its inertia subgroups. Moreover L ⊆ FI .
Proof. Recall that the conductor of L over K is mI , and hence L ⊆ KI . For
any j ∈ I, the inertia group of a prime of KI above ℘j is Gal(KI/KI−{j})
and so, the inertia group of a prime of L above ℘j is Gal(L/L ∩ KI−{j})
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(the restriction of Gal(KI/KI−{j}) to L). Hence Gal(LKI−{j}/KI−{j}) ∼=
Gal(L/L ∩KI−{j}) is of order tj . An easy ramification argument shows that
Fj ∩KI−{j} = K. (2)
Indeed, Fj ∩ KI−{j} is an unramified abelian extension of K, so that Fj ∩
KI−{j} ⊆ H∩Fj = K, where the last equality follows from the fact that p ∤ h.
Therefore, Gal(FjKI−{j}/KI−{j}) ∼= Gal(Fj/K) is also of order tj. We thus
have proved that the two subgroups Gal(KI/FjKI−{j}) and Gal(KI/LKI−{j})
have the same index inside Gal(KI/KI−{j}). Since KI/KI−{j} is totally
tamely ramified at each prime ofKI above ℘j, it follows that Gal(KI/KI−{j})
is cyclic which forces the group equality
Gal(KI/FjKI−{j}) = Gal(KI/LKI−{j}) ⊆ Gal(KI/KI−{j}). (3)
In particular, it follows from (3) that FjKI−{j} = LKI−{j} which proves the
first claim. Let us now show (1). An argument similar to the proof of (2) im-
plies that
⋂
j∈I FI−{j} = K, and thus G is generated by
⋃
j∈I Gal(FI/FI−{j}).
Also, since FI−{j}Fj = FI , we have Gal(FI/FI−{j}) ∩Gal(FI/Fj) = {id} and
therefore G is the direct product of the groups Gal(FI/FI−{j})’s which gives
(1).
It remains to show that L ⊆ FI . Set M =
⋂
j∈I FjKI−{j}. Note that
L ⊆M (by the first part of Proposition 2) and that FIH ⊆M .
We claim that FIH = M , in particular, this will imply that L ⊆ FIH . Let
us prove it. The inertia group of each prime ofM above ℘j is of order at most
tj since the ramification index of ℘j in FjKI−{j}/K is equal to tj. On the one
hand, since the maximal unramified subextension ofM/K is H/K, it follows
that (i) [M : H ] ≤∏j∈I tj . On the other hand, since Gal(FI/K) is a p-group
and p ∤ h = [H : K], we haveH∩FI = K, so that Gal(FIH/H) ∼= Gal(FI/K),
and thus from (1) we deduce that (ii) [FIH : H ] = [FI : K] =
∏
j∈I tj .
Combining (i), (ii) with the inclusion FIH ⊆M we obtain that FIH = M .
The paragraph above just proved that L ⊆ FIH = M . Since p ∤ h =
[FIH : FI ] and Gal(FI/K) is a p-group, it follows that Gal(FIH/FI) is the
smallest subgroup of the abelian group Gal(FIH/K) whose index is a power
of p, which implies that L ⊆ FI . This concludes the proof.
Corollary 3. (i) For each index j ∈ I, the inertia subgroup of a prime of
L above ℘j is Gal(L/L ∩ FI−{j}) = 〈σpk/tj〉; moreover FI−{j}L = FI and
[L ∩ FI−{j} : K] = pktj .
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(ii) FI/L is an unramified abelian extension.
(iii) There exists at least one index j0 ∈ I such that tj0 = pk so that the
abelian Galois group G = Gal(FI/K) has exponent p
k.
Proof. Recall that Gal(FI/FI−{j}) is the inertia subgroup of a prime of FI
above ℘j . We have L ⊆ FI by Proposition 2, and so Gal(L/L ∩ FI−{j}) is
the inertia subgroup of a prime of L above ℘j . Since both of these inertia
subgroups have the same order tj , and 〈σpk/tj〉 is the only subgroup of Γ of
order tj , we get (i) and we see that FI/L is unramified at each prime of L
above ℘j . But FI/L can be ramified only at primes above ℘1, . . . , ℘s because
the conductor of FI over K is mI , and (ii) follows. By (1), the exponent of
G is the maximum of all tj ’s, and so it divides p
k. But since Γ is a cyclic
quotient of G of order pk, we obtain (iii).
3. Introducing the group of elliptic units
For the rest of the paper, we fix once and for all an embedding Q ⊆ C.
In particular, the inclusion K ⊆ C singles out one of the two embeddings of
K into C. For any subset ∅ 6= J ⊆ I, we let fJ be the least positive integer
in mJ ,
wJ = |{ζ ∈ µK ; ζ ≡ 1 (modmJ)}|, (4)
so that wJ divides wK := |µK |, and we let
ηJ = NKJ/FJ (ϕmJ )
wKfI/(wJfJ ) ∈ OFJ , (5)
where ϕmJ is defined as in [7, Definition 2 on page 5]. We would like to point
out that the definition of ϕmJ , as a complex number, uses implicitly the fact
that K is included in C.
For a finite abelian extension M/F and a prime ideal p of F which is
unramified in M/F , we use the Artin symbol
(M/F
p
) ∈ Gal(M/F ) to denote
the Frobenius automorphism of p in the relative extension M/F .
For any j ∈ I, we let λj ∈ G = Gal(FI/K) be the unique automorphism
such that λj
∣∣
FI−{j}
=
(FI−{j}/K
℘j
)
and λj
∣∣
Fj
= 1. The next lemma will be used
in the proof of Theorem 10 and also in Section 5.
Lemma 4. For each j ∈ I, choose a prime Pj of L above ℘j. Then the
inertia group of Pj is 〈σpk/tj 〉 = Gal(L/L ∩ FI−{i}) and the decomposition
group of Pj is 〈σnj〉 = 〈λj
∣∣
L
, σp
k/tj〉.
6
Proof. The first part was already proved in Corollary 3(i). It thus follows
that the maximal subextension of L/K which is unramified at ℘j is L ∩
FI−{j}/K. In particular, the Frobenius automorphism of ℘j in L∩FI−{j}/K
is equal to
(L∩FI−{j}/K
℘j
)
= λj
∣∣
L∩FI−{j}
and thus 〈λj
∣∣
L
, σp
k/tj〉 is equal to the
decomposition group of Pj . Moreover, by definition of nj , we have [Γ :
〈λj
∣∣
L
, σp
k/tj〉] = nj . Finally, since 〈σnj〉 is the only subgroup of Γ of index
nj , this forces 〈σnj〉 = 〈λj
∣∣
L
, σp
k/tj〉.
The algebraic numbers ηJ defined in (5) satisfy the following norm rela-
tions which can be derived from [7, Proposition 3 on page 5]: for each J ⊆ I
and each j ∈ I such that {j} ( J ,
NFJ/FJ−{j}(ηJ) = η
1−λ−1j
J−{j} , (6)
and for each j ∈ I,
NFj/K(η{j}) = NH/K
(∆(OK)
∆(℘j)
)fI
, (7)
where ∆ is the discriminant Delta function which appears in Section 2.1 of
[7]. It follows from [7, Proposition 1 on page 3] that NFj/K(η{j}) generates
the ideal ℘12hfIj = (πjOK)12fI , hence
NFj/K(η{j}) = ξjπ
12fI
j , (8)
for some ξj ∈ µK .
The next lemma gives an exact description of the roots of unity in FI . In
particular, it will allow us in the sequel to replace µF by µK for any subfield
K ⊆ F ⊆ FI .
Lemma 5. We have µFI = µK.
Proof. We do a proof by contradiction. Let ζ be a root of unity in FI which
is not in K. In particular, we must have 2|[Q(ζ) : Q] and [K(ζ) : K] > 1.
Using the fact that p is odd, we see that [K(ζ) : Q] is equal to twice a power
of p which implies that K is the only quadratic subfield of K(ζ). Since
Q(ζ) ⊆ K(ζ) and Q(ζ) contains at least one quadratic subfield, we also
deduce that (i)K is the only quadratic subfield of Q(ζ) and (ii) K(ζ) = Q(ζ).
From (i), it follows that there is exactly one prime, say ℓ, which ramifies in
7
Q(ζ)/Q and that its ramification is total. In particular, since K ⊆ Q(ζ) ⊆ FI
and [Q(ζ) : K] > 1, the prime ℓ must also ramify in [FI : K]. From Corollary
3 (ii), we know that FI/L is unramified, and therefore, ℓ must also ramify
in L/K. We thus have shown the existence of a rational prime ℓ which
ramifies in both K/Q and L/K; this contradicts our initial assumptions on
the ramification of the extension L/Q.
Definition 6. We define the group of elliptic numbers PFI of FI to be the
Z[G]-submodule of F×I generated by the group of roots of unity µFI (= µK by
Lemma 5) and by ηJ for all ∅ 6= J ⊆ I. The group of elliptic units CFI of FI
is defined as the intersection CFI = PFI ∩O×FI . The group of elliptic numbers
PL of L is defined as the Z[Γ]-submodule of L
× generated by the group of
roots of unity µL (= µK) and by NFJ/FJ∩L(ηJ) for all ∅ 6= J ⊆ I. Finally, the
group of elliptic units CL of L is defined as the intersection CL = PL ∩O×L .
Let M be a finite abelian extension of K. In [7, Definition 3 on page 7],
Oukhaba’s introduced a group of units in OM which we denote by CM . The
groups CFI and CL which appear in Definition 6 differ slightly from the groups
CFI and CL, respectively. Using the key fact that FI ∩H = K one may check
that CFI = 〈µK ∪ {ǫh : ǫ ∈ CFI}〉. Similarly, since L ∩H = K, one may also
check that CL = 〈µK ∪ {ǫh : ǫ ∈ CL}〉. The two previous equalities will be
used in the proof of the following lemma:
Lemma 7. (i) The indices of CFI in O×FI and CL in O×L are finite and are
given explicitly by
[O×FI : CFI ] = (12wKfI)[FI :K]−1 ·
hFI
h
,
[O×L : CL] = (12wKfI)[L:K]−1 ·
hL
h · [L : L˜] ,
where hFI , hL, and h are the class numbers of FI , L, and K, respectively,
and L˜ is a maximal subfield of L containing K such that L˜/K is ramified in
at most one prime ideal of K. Note that such a field L˜ is unique (and thus
well-defined) since Γ = Gal(L/K) is a cyclic group of a prime power order.
(ii) For any β ∈ PFI we have β ∈ CFI if and only if NFI/K(β) ∈ µK.
Proof. It follows from [7, Theorem 1] that Oukhaba’s group of elliptic units
is of finite index in the full group of units, and so, from the discussion before
Lemma 7, we obtain that [CFI : CFI ] = h[FI :K]−1 and [CL : CL] = h[L:K]−1.
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For a finite abelian extension F/K, an index formula for [O×F : CF ] is given
in [7, Theorem 1]. It is formed by the product of four quotients, which we
write here, using Oukhaba’s notation:
[O×F : CF ] =
(12wKfIh)
[F :K]−1
wF/wK
· hF
h
·
∏
p[F ∩Kp∞ : F ∩H ]
[F : F ∩H ] ·
(RF : UF )
d(F )
.
(9)
The two formulae in (i) follow from Lemma 5 and an explicit computation
of the third and the fourth quotient in (9) when F = FI and F = L. Let
us start by computing the third quotient. The product is taken over all
prime ideals p of K, and Kp∞ means the union of the ray class fields of K of
modulus pn for all positive integers n. Since [FI : K] and [L : K] are powers
of p and p ∤ h, we have FI ∩H = L ∩H = K. Moreover, by definition of FI ,
we have FI ∩Kp∞ = F{j} if p = ℘j and FI ∩Kp∞ = FI ∩Kp∞ ∩H = K if p /∈
{℘1, . . . , ℘s}. Combining the previous two observations with Proposition 2,
we obtain that the third quotient is equal to 1 when F = FI . In the case where
F = L, the definition of L˜ readily implies that
∏
p[L ∩Kp∞ : K] = [L˜ : K],
so that the third quotient is equal to 1
[L:L˜]
. Let us now handle the fourth
quotient in (9). It follows from [10, Theorem 5.4] and Proposition 2 that
(RF : UF ) = 1 if F = FI . Similarly, it follows from [10, Theorem 5.3] that
(RF : UF ) = 1 if F = L. Finally d(FI) = d(L) = 1 by [7, Remark 2].
Let us prove (ii). Let β ∈ PFI . By [7, Corollary 2 on page 5] we know
that ηJ ∈ O×FJ if |J | > 1 and by (8) we know that η{j} ∈ OFj is a generator
of a power of the only prime of Fj above ℘j which ramifies totally in Fj/K.
Hence for any τ ∈ Gal(Fj/K), η1−τ{j} ∈ O×Fj . Therefore, there is γ ∈ CFI and
c1, . . . , cs ∈ Z such that β = γ ·
∏s
j=1 η
cj
{j}. Since ℘1, . . . , ℘s are different prime
ideals, the elliptic numbers η{1}, . . . , η{s} are multiplicatively independent.
Hence β ∈ CFI if and only if c1 = · · · = cs = 0. Using (8) we see that
NFI/K(β) = ξ ·
∏s
j=1 π
12fI [FI :Fj ]cj
j for some ξ ∈ µK and the lemma follows due
to the fact that π1, . . . , πs are multiplicatively independent.
Recall that G = Gal(FI/K). In [4], a Z[G]-module U was introduced
which depended solely on the following set of parameters: T1, . . . , Tv and
λ1, . . . , λv. (Warning: Here the module U has a different meaning than in
the proof of Lemma 7, where we used the notations of [7] and [10].) In our
situation we put v = s and we set Tj = Gal(FI/FI−{j}) and λj ∈ G to be the
automorphism defined in the beginning of Section 3 for each j = 1, . . . , s. For
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our purpose, it is enough to recall that U was defined explicitly as a certain
Z[G]-submodule of Q[G]⊕Zs, with the following set of Z[G]-generators U =
〈ρJ ; J ⊆ I〉Z[G]. Here each Z summand in Q[G] ⊕ Zs is endowed with the
trivial G-action and each element of the standard basis of Zs is denoted by
ej (for j ∈ I). Note that by construction U is a finitely generated Z-module
with no Z-torsion which implies that U is a free Z-module of finite rank.
The next lemma describes the Z[G]-module structure of PFI in terms of
the Z[G]-module U . For any subset A ⊆ G, we let s(A) =∑a∈A a ∈ Z[G].
Lemma 8. The Z[G]-modules PFI/µK and U/(s(G)Z) are isomorphic. More
precisely, if we set Ψ(ηJ) = ρI−J for each J ⊆ I, J 6= ∅, and Ψ(µK) = 0,
then it defines a Z[G]-module homomorphism Ψ : PFI → U which satisfies
kerΨ = µK and U = Ψ(PFI)⊕ (s(G)Z).
Proof. It follows from the Z[G]-module presentation of U given in [4, Corol-
lary 1.6(ii)], and the observation that the generator ρI = s(G) does not
appear in the relation [4, (1.10)], that U = 〈ρJ ; J ( I〉Z[G]⊕(s(G)Z). Hence,
there exists an embedding of Z[G]-modules ι : U/(s(G)Z) → U such that
im ι = 〈ρJ ; J ( I〉Z[G]. In order to define the map Ψ : PFI → U , it is prefer-
able to start by defining its “inverse”. We define a map Φ : U → PFI by
setting
Φ(ρJ ) = ηI−J for each J ( I and Φ(ρI) = 0.
We claim that Φ is a well-defined Z[G]-module homomorphism whose image
together with µK generates PFI . Indeed, this follows directly from the Z[G]-
module presentation of U given in loc.cit. and the norm relation (6). Since
Φ(s(G)) = 0 and 〈Φ(U), µK〉 = PFI , it follows that Φ induces a surjective
Z[G]-module homomorphism Φ˜ : U/(s(G)Z) → PFI/µK . Note that U (so
a fortiori U/(s(G)Z) which is embedded in U via ι) and PFI/µK have no
Z-torsion. Therefore in order to show that Φ˜ is a Z[G]-module isomorphism,
it is enough to prove that
rankZ(U/(s(G)Z)) = rankZ(PFI/µK). (10)
Let us prove (10). Since the prime ideals ℘1, . . . , ℘s are distinct, the numbers
π1, . . . , πs are multiplicatively independent over Z, and Lemma 7 implies that
rankZ(PFI ) = s+ rankZ(CFI ) = s+ rankZ(OF×
I
) = s+ 1
2
[FI : Q]− 1. (11)
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Moreover, it follows from [4, Remark 1.4] that rankZ(U) = |G| + s which,
when combined with (11), proves (10). Finally, we define the map Ψ as the
composition of the three maps
PFI → PFI/µK Φ˜
−1→ U/s(G)Z ι→ U, (12)
where the first map is the natural projection. This proves the existence of Ψ
with the desired properties.
4. A nontrivial root of an elliptic unit
We call the element
η = NFI/L(ηI) (13)
the top generator of both the group of elliptic numbers PL of L and of the
group of elliptic units CL of L. The aim of this section is to take a nontrivial
root “ y
√
η ” of η (where the root exponent y is a group ring element in Z[Γ])
such that y
√
η ∈ L. We define B = Gal(FI/L) ⊆ Gal(FI/K) = G, so that
Γ = 〈σ〉 ∼= G/B.
Lemma 9. An elliptic number β ∈ PFI belongs to L if and only if Ψ(β)
is fixed by B, i.e., Ψ(PFI )
B = Ψ(PFI ∩ L), where Ψ is the Z[G]-module
homomorphism introduced in Lemma 8.
Proof. Let β ∈ PFI . On the one hand, if β ∈ L then βτ−1 = 1 for all τ ∈ B,
and so (τ − 1)Ψ(β) = 0, which means Ψ(β) ∈ Ψ(PFI)B. On the other hand,
if Ψ(β) ∈ Ψ(PFI )B then, for any τ ∈ B, we have (τ − 1)Ψ(β) = 0 and so
βτ−1 = ξ ∈ ker(Ψ) = µK . Note that τ pk = 1 and ξτ = ξ. Therefore, applying
1 + τ + · · · + τ pk−1 to the equality βτ−1 = ξ we find that 1 = ξpk . Finally,
since p ∤ |µK|, we must have ξ = 1, and therefore β ∈ L.
Recall from Section 1, that ni was defined as the index of the decompo-
sition group of the ideal Pi ⊆ L in Γ. Without lost of generality, we can
suppose that
n1 ≤ n2 ≤ . . . ≤ ns and we set n = ns = max{ni; i ∈ I}. (14)
Since p|ts we have n|pk−1 and it follows from Corollary 3(iii) that we can
suppose that t1 = p
k and so n1 = 1. Let L
′ be the unique subfield of L
containing K such that [L′ : K] = n. Note that 〈σn〉 = Gal(L/L′) and that
℘s splits completely in L
′/K.
We may now state the main result of this section.
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Theorem 10. There is a unique α ∈ L such that NL/L′(α) = 1 and such that
the elliptic unit η defined by (13) satisfies η = αy, where y =
∏s−1
i=2 (1− σni)
(if s = 2 the empty product is taken to mean 1). This α is an elliptic unit
of FI , so that α ∈ CFI ∩ L. Moreover, there is γ ∈ L× such that α = γ1−σn .
and NL/K(ν¯) ∈ 〈µK ∪ {π1, . . . , πs}〉.
Remark 11. Colloquially we can say that Theorem 10 proves the existence
of a y-th root of the top generator η of CL which lies in CFI ∩ L, where the
root exponent y is an element of the group ring Z[Γ]. In general, even though
y is not an integer, it is still possible to compute α explicitly as a p-power
root of a specific elliptic unit constructed from the conjugates of η. Indeed,
for each j = 1, . . . , s, define the group ring elements
Nnj =
pk/nj∑
i=1
σinj and ∆nj =
(pk/nj)−1∑
i=1
iσinj .
In particular, we have (1− σnj)Nnj = 0 and (1− σnj )∆nj = Nnj − p
k
nj
.
Note also that the relative norm operator NL/L′ corresponds to the group
ring element Nn. From Theorem 10, we know that η = α
y. Moreover,
for all j ∈ {1, . . . , s}, we also have αNnj = 1 since 1 = NL/L′(α) = αNn .
Consequently, we find that
η
∏s−1
i=2 ∆ni = α
∏s−1
i=2 (Nni−(p
k/ni)) = α(−1)
s
∏s−1
i=2 (p
k/ni) = α(−1)
sr, (15)
where r =
∏s−1
i=2
pk
ni
is a power of p, and therefore
αr = η(−1)
s
∏s−1
i=2 ∆ni . (16)
To prove Theorem 10 we shall use the following proposition:
Proposition 12. Let f be a polynomial in Z[X ], f /∈ {0,±1}, and let A =
Z[X ]/fZ[X ]. Let M be a finitely generated A-module without Z-torsion.
Then
(i) Ext1A(M, A) = 0.
(ii) Let y be a nonzerodivisor in A, and let x ∈ M. Then x ∈ yM if and
only if for all ϕ ∈ HomA(M,A) we have ϕ(x) ∈ yA.
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Proof. This is [5, Proposition 6.2].
Proof of Theorem 10. If s = 2 then y = 1 and therefore the equality η = αy
trivially holds true with α = η. If s > 2 we always have that y is a zerodivisor
in Z[Γ], so that one cannot apply directly Proposition 12; hence we shall work
in an appropriate quotient of Z[Γ] where the image of y is a nonzerodivisor.
Let Nn =
∑pk/n
i=1 σ
in, so that Nn can be understood as the norm operator
from L to L′. Let R = Z[Γ]/NnZ[Γ] and let γ : R → (1 − σn)Z[Γ] be
the isomorphism of Z[Γ]-modules given by the multiplication by 1 − σn, i.e.
γ(x+NnZ[Γ]) = (1− σn)x. Let
M = {x ∈ Ψ(PFI )B; Nnx = 0}, (17)
where Ψ is the map which appears in Lemma 8. It is an R-module and since
M⊆ U , it has no Z-torsion. Using both (13) and the norm relation (6), we
obtain
Ψ(η) = Ψ(NFI/L(ηI)) = s(B)Ψ(ηI) = s(B)ρ∅, (18)
where s(B) =
∑
τ∈B τ ∈ Z[G], and
NL/L′(η) = NFI/L′(ηI) = NF{1,...,s−1}/L′(η{1,...,s−1})
1−λ−1s = 1, (19)
where the last equality follows from the fact that the restriction of λs to L
′ is
trivial since ℘s splits completely in L
′/K. In particular, it follows from (18)
and (19) that Ψ(η) = s(B)ρ∅ ∈M.
Note that the natural Z[Γ]-module structure onM is compatible with its
R-module structure via the natural projection map Z[Γ]→ R. In particular,
since UB = Ψ(PFI )
B ⊕ (s(G)Z) (from Lemma 8), we may viewM as a Z[Γ]-
submodule of UB. We claim that UB/M has no Z-torsion. Indeed, suppose
that x ∈ UB satisfies cx ∈ M for a positive integer c. Then c(Nnx) =
Nn(cx) = 0. Since U has no Z-torsion, this implies that Nnx = 0, and hence
x ∈M.
To each R-linear map ψ ∈ HomR(M, R) we may associate the Z[Γ]-linear
map γ ◦ ψ ∈ HomZ[Γ](M,Z[Γ]). Now we fix such a ψ. We aim at proving
that ψ(s(B)ρ∅) ∈ yR (see the relation (22) below). Note that it makes sense
to apply ψ to s(B)ρ∅ since it was proved earlier that s(B)ρ∅ ∈M.
Now, set f = Xp
k − 1 in Proposition 12 so that A = Z[X ]/fZ[X ] ∼=
Z[Γ]. Since UB/M has no Z-torsion, it follows from Proposition 12 (i) that
Ext1Z[Γ](U
B/M,Z[Γ]) = 0. In particular, the vanishing of this Ext1 implies
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the existence of ϕ ∈ HomZ[Γ](UB,Z[Γ]) such that ϕ
∣∣
M
= γ ◦ ψ. For each
x ∈ UB , we define υ(x) = (1 − σ)ϕ(x), so that υ ∈ HomZ[Γ](UB,Z[Γ]). We
now want to specialize the formula which appears in [4, Corollary 1.7(ii)] to
the present situation in order to obtain the non-trivial relation
υ(s(B)ρ∅) ∈
s∏
i=1
(1− σni)Z[Γ]. (20)
The relation (20) is a direct consequence of the formula in loc.cit. and the
following two observations:
(i) For all i ∈ I, υ(tiei) = 0, where ti = |Ti| with Ti = Gal(FI/FI−{i}).
(Note that it makes sense to apply the map v to tiei since tiei ∈ UB.)
(ii) It follows from Lemma 4 that the element 1− λi
∣∣
L
lies in the principal
ideal (1−σni)Z[Γ]. Similarly, for each τ ∈ Ti we have that τ
∣∣
L
∈ 〈σpk/ti〉
by Corollary 3(i), and therefore 1− τ ∣∣
L
∈ (1− σni)Z[Γ].
Since the multiplication by 1 − σ is injective on (1 − σn)Z[Γ], it follows
from (20) that
γ ◦ ψ(s(B)ρ∅) = ϕ(s(B)ρ∅) ∈
s∏
i=2
(1− σni)Z[Γ]. (21)
Furthermore, it follows from (21) and the fact that γ is an R-module isomor-
phism that
ψ(s(B)ρ∅) ∈
s−1∏
i=2
(1− σni)R = yR, (22)
where y =
∏s−1
i=2 (1−σni). We thus have proved that for each ψ ∈ HomR(M, R)
the relation (22) holds true.
Now set f =
∑pk/n
i=1 X
(i−1)n. Since n|pk−1 it follows that f /∈ {0, 1,−1};
we may thus apply Proposition 12 with f so that A = Z[X ]/fZ[X ] ∼= R.
Combining (22) with the observation that y is a nonzerodivisor in R (since the
roots ofXn−1 are distinct from the roots of f), it follows from Proposition 12
(ii) that there exists an element δ ∈ M such that yδ = s(B)ρ∅ = Ψ(η). In
particular, since δ ∈M, we have δ ∈ Ψ(PFI )B and Nnδ = 0.
14
By Lemma 9, there exists α′ ∈ PFI ∩ L (uniquely defined modulo µK)
such that δ = Ψ(α′). We have Ψ(NL/L′(α
′)) = NnΨ(α
′) = Nnδ = 0, and so
NL/L′(α
′) = ξ ∈ µK by Lemma 8. Since p ∤ |µK |, there is ξ′ ∈ µK such that
NL/L′(ξ
′) = ξ−1. Now if we set α = α′ξ′ ∈ PFI ∩ L we obtain NL/L′(α) = 1
while still keeping the condition δ = Ψ(α). Hence Ψ(αy) = yδ = Ψ(η) and
ξ′′ = α−yη ∈ ker(Ψ) = µK . We claim that ξ′′ = 1 so that αy = η. Indeed, it
follows from (19) that 1 = NL/L′(α
−yη) = (ξ′′)p
k/n and consequently ξ′′ = 1
(since p ∤ µK). Moreover, since NL/K(α) = 1 it follows from Lemma 7(ii)
that α is an elliptic unit of FI . Notice that α is uniquely determined by the
three conditions (i) α ∈ L, (ii) NL/L′(α) = 1 and (iii) αy = η. Indeed, if there
were two such α’s, their quotient β ∈ L would satisfy βy = 1. Similarly to
what we did in (15), we may apply the group ring element
∏s−1
j=2∆nj to the
equality βy = 1 to find that 1 = βr (this uses (ii)) where r is some power of
p. Since p ∤ |µL| this implies that β = 1.
Finally, applying Hilbert’s Theorem 90 to the cyclic extension L/L′ im-
plies that there exists a γ ∈ L×, well-defined up to a multiplication by
numbers in (L′)×, such that α = γ1−σ
n
. This concludes the proof.
5. Enlarging the group CL of elliptic units of L
We keep the same notation as in the previous sections and we introduce
some new one. Let us label each subfield of L containing K as follows:
K = L0 ( L1 ( L2 ( · · · ( Lk = L. (23)
In particular, we must have [Li : K] = p
i. For each i = 1, . . . , k we define
Mi =
{
j ∈ {1, . . . , s}; tj > pk−i
}
. (24)
It follows from the definition of Mi that M1 ⊆ M2 ⊆ · · · ⊆ Mk = {1, . . . , s},
and from the discussion below (14) that 1 ∈ M1. One may also check using
Corollary 3(i) that j ∈ Mi if and only if ℘j ramifies in Li/K; in particular,
the conductor of Li/K is equal to mMi and so Li ⊆ FMi by Proposition 2
applied to Li/K instead of L/K. We define
ηi = NFMi/Li(ηMi) for i ∈ {1, . . . , k}, (25)
so that, for example, ηk = η ∈ L = Lk is the top generator of CL, the group
of elliptic units of L. Using the norm relation (6) one may check that CL is
the Z[Γ]-module generated by µK and by η1, . . . , ηk.
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Before defining the extended group of elliptic units (see Definition 13
below), we need to fix some more notation. We fix an index j ∈ {1, . . . , s}
and we let Li be the largest subfield of L which appears in the tower (23)
where ℘j is unramified; the index i is determined by the condition tj =
pk−i. Using Lemma 4, it makes sense to define cj as the smallest positive
integer such that σ−cjnj
∣∣
Li
= λj
∣∣
Li
. Indeed, it follows from the group equality
〈σnj〉 = 〈λj
∣∣
L
, σp
k/tj〉 in Lemma 4 that
〈σnj〉/〈σpk/tj〉 = 〈λj , σpk/tj〉/〈σpk/tj 〉. (26)
Note that the quotient group in (26) can also be interpreted as the restriction
of 〈σnj〉 to Li. It follows from (26) that ℘j splits completely in Li/K if
and only if p
k
tj
= nj ; in particular, if ℘j splits completely in Li/K then
cj = 1 since σ
nj lies already in the inertia group of Pj . If ℘j does not split
completely in Li/K, then it follows again from (26) that nj <
pk
tj
and thus
〈(σ|Li)nj〉 = 〈(λj|Li)〉. In particular, independently of the splitting behavior
of ℘j in Li, we always have that p ∤ cj and hence 1 − σcjnj and 1 − σnj are
associated in Z[Γ], i.e. each of them divides the other.
Recall that we had chosen an ordering of the ramified primes ℘1, . . . , ℘s in
the relative extension L/K in such a way that 1 = n1 ≤ n2 ≤ · · · ≤ ns, and
that this ordering was implicitly assumed in the statement of Theorem 10.
For each index i ∈ {1, . . . , k} such that |Mi| > 1, Theorem 10, when applied
to the extension Li/K, implies the existence of an elliptic unit αi ∈ CFI ∩ Li
and of a number γi ∈ L×i such that:
(i) the elliptic unit ηi defined in (25) satisfies ηi = α
yi
i ,
(ii) αi = γ
zi
i ,
where zi = 1 − σcmaxMinmaxMi and yi =
∏
j∈Mi, 1<j<maxMi
(1 − σcjnj). In
particular, if |Mi| = 2, we find that yi = 1 and αi = ηi, since the product
is empty. If i ∈ {1, . . . , k} is such that |Mi| = 1 then we set γi = ηi and
αi = η
1−σ
i .
Definition 13. We define the extended group of elliptic units CL to be the
Z[Γ]-submodule of O×L generated by µK and by the units α1, . . . , αk.
Repeating the arguments of [6] we can show the following:
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Theorem 14. The group of elliptic units CL of L is a subgroup of CL of
index
[CL : CL] = pν, where
ν =
k∑
j=1
∑
i∈Mj
1<i<maxMj
ni. (27)
Moreover, if we let ϕL =
(∏s
i=1 t
ni
i
)
·∏kj=1 p−nmaxMj , which is a power of p,
then
pν = ϕL · [L : L˜]−1, (28)
where L˜ has the same meaning as in Lemma 7 and
[O×L : CL] = (12wKfI)pk−1 · hLh · ϕ−1L , (29)
where hL is the class number of L. In particular, if p > 3 then p ∤ 12wKfI ,
and thus it follows from (29) that ϕL | hL.
Proof. The proof goes along the same lines as in [6, Theorem 3.1]. The reason
why the same algebraic manipulations are possible here (for elliptic units)
and in [6] (for circular units) is given by the fact that in both cases we work
with a module isomorphic to U/(s(G)Z) (compare Lemma 8 with [6, Lemma
1.1]).
Remark 15. The divisibility statement ϕL | hL is stronger than what one
can get from the mere fact that FI/L is an unramified abelian extension,
see Corollary 3(ii). Indeed, [6, Proposition 3.4] states that we always have
[FI : L] | ϕL and that ϕL = [FI : L] if and only if n1 = · · · = ns−1 = 1.
6. Semispecial numbers
We keep the same notation as in the previous sections. In particular,
Γ = Gal(L/K) ∼= Z/pkZ and s is the exact number of prime ideals of K
which ramify in L. For the rest of the paper, we fix m, a power of p, such
that pks | m. For a prime ideal q of K, recall that K(q) denotes the ray class
field of K of modulus q. From Artin’s Reciprocity Theorem we know that
Gal(K(q)/H) ∼= (OK/q)×/ im(µK), (30)
where H is the Hilbert class field of K. In particular, Gal(K(q)/H) is a
cyclic group. We are now ready to define a family of distinguished abelian
extensions over K which have a cyclic Galois group of order m.
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Definition 16. To each prime ideal q of K such that |OK/q| ≡ 1 (mod m)
we define the field K[q] to be the (unique) subfield of K(q) containing K
such that [K[q] : K] = m. Moreover, given a finite field extension M/K we
also define M [q] to be the compositum of M with K[q].
Note that since |OK/q| ≡ 1 (mod m) and p ∤ |µK |, the group Gal(K(q)/H)
is cyclic of order divisible by m. Therefore, since p ∤ h, the existence and
the uniqueness of the field K[q] follows directly from Lemma 1 applied to
the triple (Gal(K(q)/K),Gal(K(q)/H), m). It is clear that Gal(K[q]/K) ∼=
Z/mZ and one may also check that K[q]/K is ramified only at q and that
this ramification is total and tame.
Definition 17. Let Qm be the set of all prime ideals q of K such that
(i) q is of absolute degree 1, so that q = |OK/q| is a prime number;
(ii) q ≡ 1 +m (mod m2);
(iii) q splits completely in L;
(iv) for each j = 1, . . . , s, the class of πj is an m-th power in (OK/q)×.
Let us make a few observations about the field K[q] and also about the
fourth condition of Definition 17. Note that Artin’s Reciprocity Theorem
gives slightly more information concerning the isomorphism (30): the class
of α ∈ OK − q is mapped to the automorphism given by the Artin symbol(
K(q)/K
αOK
)
. Since H ∩K[q] = K, we have Gal(H [q]/H) ∼= Gal(K[q]/K) where
the isomorphism is given by restriction, and so factoring out the m-th powers
in (30), we get the following sequence of isomorphisms:
(OK/q)×/m
∼=−→ Gal(H [q]/H) ∼=−→ Gal(K[q]/K), (31)
where the first map takes the class of α ∈ OK − q to
(
H[q]/K
αOK
)
, and the
second map takes
(H[q]/K
αOK
)
to its restriction
(K[q]/K
αOK
)
. Hence combining the
observations that πjOK = ℘hj , p ∤ h, with the sequence of isomorphisms
appearing in (31), we see that the fourth condition (iv) is equivalent to the
statement that
(
K[q]/K
℘j
)
= 1 for each j = 1, . . . , s. (32)
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Definition 18. A number ε ∈ L× is calledm-semispecial if for all but finitely
many q ∈ Qm, there exists a unit εq ∈ O×L[q] satisfying
(i) NL[q]/L(εq) = 1;
(ii) If q˜ is the product of all primes of L[q] above q, then ε and εq have the
same image in (OL[q]/q˜)×/(m/pk(s−1)).
Let us make a few basic observations about the field L[q] which appears
in Definition 18. For each q ∈ Qm, we have that Gal(K[q]/K) ∼= Z/mZ,
that q is totally ramified in K[q]/K and that it splits completely in L/K. In
particular, we must have that L[q]/L is totally ramified at each prime above
q and that L ∩ K[q] = K. Since L and K[q] are linearly disjoint over K,
it follows that the two restriction maps Gal(L[q]/L) → Gal(K[q]/K) and
Gal(L[q]/K[q])→ Gal(L/K) are isomorphisms.
Theorem 19. The elliptic unit α ∈ CFI ∩ L described in Theorem 10 is
m-semispecial.
Proof. Recall that the elliptic unit α ∈ CFI ∩ L was obtained in Theorem 10
as a y-th root of the top generator η of CL. In order to show that α is m-
semispecial, we need to show that for almost all primes q ∈ Qm, there exists
a unit εq ∈ O×L[q] which satisfies the conditions (i) and (ii) of Definition 18 for
ε = α. In order to show that such an εq exists, we use an approach similar to
the one used in the proof of Theorem 10. But this time, the role played by η
in Theorem 10 will be played by ηˆ = NFI [q]/L[q](η˜I′) where η˜I′ (to be defined
below) is the top generator of PFI [q].
For the rest of the proof we fix a prime q ∈ Qm unramified in K/Q,
which does not divide q1 · · · qs. To simplify the notation, we let ℘s+1 = q,
Fs+1 = K[q], and I
′ = {1, . . . , s + 1}. Again, for any subset J ⊆ I ′ with
J 6= ∅, we set FJ =
∏
j∈J Fj, mJ =
∏
j∈J ℘j (the conductor of FJ), and
η˜J = NK(mJ )/FJ (ϕmJ )
wKfI′/(wJfJ ), (33)
where fJ and wJ are defined as in (4) and ϕmJ is defined as in [7, Definition 2
on page 5]. If J ⊆ I, this definition does not change the previous meaning
of FJ while η˜J = η
q
J , where q = |OK/q| = fI′fI . It follows also from the
definitions that FI [q] = FI′ and mI′ = qmI . By the same reasoning as in
Lemma 5 we find that µFI [q] = µK .
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Let Gq = Gal(FI [q]/K) and let PFI [q] be the group of elliptic numbers
of FI [q], i.e. PFI [q] is the Z[Gq]-module generated in FI [q]
× by µK and by η˜J
for all J ⊆ I ′, J 6= ∅. Let Uq ⊆ Q[Gq] ⊕ Zs+1 be the Z[Gq]-module defined
in [4] with the following parameters: v = s + 1, for each j ∈ {1, . . . , v},
Tj = Gal(FI′/FI′−{j}) (the inertia group of ℘j in Gq), and λj ∈ Gq is such
that the restrictions λj
∣∣
Fj
= 1 and λj
∣∣
FI′−{j}
=
(FI′−{j}/K
℘j
)
.
Now, in order to simplify the notation, we choose to make some natural
identifications between certain objects: “the old ones” which have already
appeared in the proof of Theorem 10 and “the new ones” which appear in
the present proof. Consider the sequence
Gal(FI [q]/K[q]) ⊆ Gq → G = Gal(FI/K), (34)
where the arrow is given by the restriction map. We decide to identify
Gal(FI [q]/K[q]) with G via the above diagram. In particular, the new groups
Ti defined in the paragraph just above, for i 6= s + 1, are identified to the
old ones, and if we set B = Gal(FI [q]/L[q]) it is also identified with the old
B. The assumption that q ∈ Qm also implies that the new elements λi, for
i ∈ I, are identified to the old ones (by (32)) and that λs+1 ∈ B (since q
split completely in L). However, the Z[G]-generators of U ⊆ Z[G]⊕ Zs can-
not be identified, in any meaningful way, to a subset of the Z[Gq]-generators
of Uq ⊆ Z[Gq] ⊕ Zs+1; so we need to distinguish between these two sets of
generators. Recall, in the notation of [4], that U = 〈ρJ ; J ⊆ I〉Z[G], that the
standard basis of Zs is denoted by e1, . . . , es, and that π : Q[G]⊕Zs → Q[G]
is the projection onto the first summand. We set U ′ = π(U), so that U ′
is generated by ρ′J = π(ρJ). We choose to denote the Z[Gq]-generators of
Uq by ρ˜J , so that Uq = 〈ρ˜J ; J ⊆ I ′〉Z[Gq], and the standard basis of Zs+1 by
e˜1, . . . , e˜s+1. The next lemma gives precise relationships between the modules
U , U ′ and Uq; for its proof see [6, Lemma 2.1]).
Lemma 20. Recall that G is viewed as a subgroup of Gq via (34). There are
injective Z[G]-homomorphisms χ : U → Uq and χ′ : U ′ → Uq defined by
χ(ρJ) = ρ˜J∪{s+1} and χ
′(ρ′J) = ρ˜J ,
for each J ⊆ I. Moreover, Uq ∼= U ⊕ Z⊕ (U ′)m−1 as Z[G]-modules .
We can apply Lemma 8 to our present situation which gives us a ho-
momorphism Ψq : PFI [q] → Uq of Z[Gq]-modules defined by Ψq(ηJ) = ρ˜I′−J
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for each J ⊆ I ′, J 6= ∅, and Ψq(µK) = 0; where kerΨq = µK and Uq =
Ψq(PFI [q])⊕ (s(Gq)Z). Let us define
ηˆ = NFI [q]/L[q](η˜I′). (35)
Then we have
Ψq(ηˆ) = s(B)Ψq(η˜I′) = s(B)ρ˜∅, (36)
and Ψq(PFI [q] ∩ L[q]) = Ψq(PFI [q])B, where the last equality can be proved
along the same lines as Lemma 9. As in (14), we let n = max{ni; i ∈ I},
and as in the proof of Theorem 10 we also let Nn =
∑pk/n
i=1 σ
in, and R =
Z[Γ]/NnZ[Γ], where now Γ = Gal(L[q]/K[q]) = 〈σ〉 (here the new σ restricts
to the old one). We also let γ : R→ (1−σn)Z[Γ] be the isomorphism of Z[Γ]-
modules induced by the multiplication by 1 − σn. Note that the group ring
element Nn ∈ Z[Γ] corresponds to the norm operator of L[q]/L′[q], where L′
is the field defined just before Theorem 10.
One may also check that the set
Mq = {x ∈ Ψq(PFI [q])B; Nnx = 0}
is again an R-module (so also a Z[Γ]-module) without Z-torsion such that
UBq /Mq has no Z-torsion. In particular, we may apply Proposition 12 with
the polynomial f = Xp
k − 1 to deduce that Ext1Z[Γ](UBq /Mq,Z[Γ]) = 0. We
also have the equalities
ηˆNn = NL[q]/L′[q](ηˆ) = NFI [q]/L′[q](η˜I′) = 1, (37)
where ηˆ is defined in (35) and η˜I′ in (33). Indeed, the first equality follows
from the definition of Nn and the second one follows from (35). For the
third equality, note that since ℘s splits completely in L
′ (by definition of L′)
and also in K[q] (by (32)), then it must also split completely in L′[q], and
therefore, from the norm relation (6), the third equality follows. Combining
(37) with (36) we obtain
s(B)ρ˜∅ ∈Mq. (38)
To each R-linear functional ψ ∈ HomR(Mq, R), we may associate the
map γ◦ψ which can be viewed naturally as an element of HomZ[Γ](Mq,Z[Γ]).
Hence, because of the vanishing of the Ext1, for any given ψ ∈ HomR(Mq, R),
there exists a ϕ ∈ HomZ[Γ](UBq ,Z[Γ]) such that ϕ
∣∣
Mq
= γ ◦ ψ.
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The restriction of the projection π : Q[G] ⊕ Zs → Q[G] to U gives a
surjective map π
∣∣
U
: U → U ′, which can be composed with the map χ′ of
Lemma 20, to give rise to the Z[G]-linear map χ′ ◦ π∣∣
U
: U → Uq. Restrict-
ing further the previous map to UB , we obtain the two maps χ′ ◦ π∣∣
UB
∈
HomZ[Γ](U
B, UBq ) and ϕ ◦ χ′ ◦ π
∣∣
UB
∈ HomZ[Γ](UB,Z[Γ]).
We have the following relation:
ϕ(s(B)ρ˜∅) = ϕ ◦ χ′ ◦ π(s(B)ρ∅) ∈
s∏
i=1
(1− σni)Z[Γ] = (1− σ)y(1− σn)Z[Γ],
(39)
where y =
∏s−1
i=2 (1−σni) is defined as in the statement of Theorem 10. Indeed,
the first equality follows from the facts that χ′ ◦π(ρ∅) = ρ˜∅ and that χ′ ◦π is
Z[G]-linear. The membership relation follows from [4, Corollary 1.7(ii)] and
the observation that π(tjej) = 0 for all j ∈ J in the same way as (20).
It follows from (38) that the evaluation ψ(s(B)ρ˜∅) makes sense for any
ψ ∈ HomR(Mq, R); and it follows from (39) and the injectivity of γ that
ψ(s(B)ρ˜∅) ∈ (1− σ)yR.
Since ψ was arbitrary, Proposition 12 implies that there exists δ ∈Mq such
that
(1− σ)y · δ = s(B)ρ˜∅ = Ψq(ηˆ). (40)
Since δ ∈ Mq, there exists a β ′ ∈ PFI [q] ∩ L[q] such that δ = Ψq(β ′) and
Ψq(NL[q]/L′[q](β
′)) = 0. In particular, we have that ξ = NL[q]/L′[q](β
′) ∈
ker(Ψq) = µK . Since NL[q]/L′[q](ξ) = ξ
pk/n and p ∤ |µK|, there is ξ′ ∈ µK
such that NL[q]/L′[q](ξ
′) = ξ−1. We set β = β ′ξ′, so that β satisfies the norm
relation NL[q]/L′[q](β) = 1 while still keeping the equality δ = Ψq(β). Since
Ψq(β
(1−σ)y) = (1− σ)yδ = Ψq(ηˆ), it follows that ξ′′ = β−(1−σ)yηˆ ∈ ker(Ψq) =
µK . We claim that ξ
′′ = 1. Indeed, from (37) we have 1 = NL[q]/L′[q](ξ
′′) =
(ξ′′)p
k/n, and therefore ξ′′ = 1. We thus have constructed an elliptic number
β ∈ PFI [q] ∩ L[q] which satisfies the equality β(1−σ)y = ηˆ.
Now, we would like to show that the elliptic number β constructed in the
above paragraph is a unit which satisfies the additional condition NL[q]/L(β) =
1. By a similar computation as the one done in Remark 11, we find that
βr(1−σ) = ηˆ(−1)
s
∏s−1
i=2 ∆ni where r =
s−1∏
i=2
pk
ni
. (41)
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In particular, applying ∆1 on each side of the first equality in (41) and using
the norm relation NL[q]/L′[q](β) = β
Nn = 1, we find that
βrp
k
= ηˆ(−1)
s+1
∏s−1
i=1 ∆ni . (42)
We have
NL[q]/L(ηˆ) = NFI [q]/L(η˜I′) = NFI/L(η˜I)
1−λ−1s+1 = 1, (43)
where the first equality follows from the definitions of ηˆ and η˜I′, the second
equality from the norm relations (6), and the last equality from the fact that
q splits completely in L/K. Combining (42) and (43), with the fact that
p ∤ |µK |, we deduce that NL[q]/L(β) = 1. From the previous equality we get
that NFI [q]/K(β) = 1, and therefore, applying Lemma 7(ii) we deduce that β
is a unit.
In order to finish the proof that α is m-semispecial, we need to construct
a unit εq ∈ L[q] which satisfies the conditions (i) and (ii) of Definition 18
for ε = α. We set εq = β
1−σ. So far, from what has been proved on β, we
know that εq is a unit which satisfies the norm relation (i). By means of the
next proposition (see Proposition 21 below) we shall prove that εq and α also
satisfy the congruence relation (ii).
Let us recall some of the notation that was fixed at the beginning of
Section 6. The integer m is a fixed power of p, such that pks|m, q is a prime
ideal of K which lies in the special set Qm. In particular, it follows from
the definition of Qm that q splits completely in L/K, and that the extension
L[q]/L is cyclic of degree m, and that it is totally ramified at each prime
above q.
Proposition 21. Let q ∈ Qm be the prime that was fixed during the course
of the proof of Theorem 19, and let q˜ denote the product of all the primes of
L[q] above q. Then, there exists a rational prime ℓ ≡ 1 (mod m) such that
the following congruence holds true:
ηˆℓ(1−σ) ≡ (ηℓ(1−σ)) q−1m (mod q˜), (44)
where q = |OK/q|, η is the top generator of the group CL and ηˆ is defined in
(35).
The proof of Proposition 21 is given further below. Assuming Proposi-
tion 21 we may now finish the proof of Theorem 19 by proving the congruence
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relation (ii) in Definition 18. Using successively (41), (44), and (16) we find
that
βr(1−σ)
2ℓ = ηˆ(−1)
sℓ(1−σ)
∏s−1
i=2 ∆ni ≡ η(−1)s q−1m ℓ(1−σ)
∏s−1
i=2 ∆ni
= αr
q−1
m
ℓ(1−σ) (mod q˜),
where r is the power of p defined in (41). Applying ∆1 to each side of the
previous equality and using the facts that αN1 = 1 (since 1 ≤ n and αNn = 1),
that (1− σ)∆1 = N1 − pk and that (σ − 1)N1 = 0, we obtain
βp
kr(1−σ)ℓ ≡ αpkr q−1m ℓ (mod q˜). (45)
Because q−1
m
≡ 1 ≡ ℓ (mod m), it follows from (45) that βpkr(1−σ) and αpkr
have the same image in (OL[q]/q˜)×/m. Moreover, since r | pk(s−2) it also
follows that β1−σ and α must have the same image in (OL[q]/q˜)×/(m/pk(s−1)).
We thus have shown that both ε = α and εq = β
1−σ satisfy the congruence
relation (ii). This completes the proof of Theorem 19.
Proof of Proposition 21. The proof will follow essentially from an idea of
Rubin, see [9, Theorem 2.1]. Let π ∈ OK be such that πOK = qh. Let Km =
K(ζm) where ζm denotes a primitive m-th root of unity. Since O×K = µK ,
p ∤ |µK| andKm contains a primitive p-th root of unity, the fieldM = Km(π
1
p )
does not depend on the chosen generator π of qh and on the chosen p-th root
of π. One may also check that M/K is a Galois extension. Furthermore, we
claim that π cannot be a p-th power in Km. Indeed, if it were the case then,
since p ∤ h, this would imply that the ramification index of q in Km/K would
be divisible by p; but this is impossible since Km/K ramifies only at primes
above p. Since π is not a p-th power in Km it follows that M/Km is a cyclic
extension of degree p.
In order to finish the proof of Proposition 21 we need the following tech-
nical lemma:
Lemma 22. Let q be as in Proposition 21 and recall that σ is the unique ge-
nerator of Gal(L[q]/K[q]) which restricts to the initial generator of Gal(L/K)
(which was also denoted by σ). Then there exists a prime l of K of absolute
degree 1 satisfying the following three conditions:
(i) If we let ℓ = |OK/l|, then ℓ ≡ 1 (mod m) and ℓ is unramified in K/Q.
(ii) The prime l is unramified in L[q] and the Artin symbol
(
L[q]/K
l
)
= σ−1.
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(iii) The prime q is inert in K[l]/K (note that this is equivalent to say that
q is unramified in K[l] and that
〈(K[l]/K
q
)〉
= Gal(K[l]/K)).
Recall here that the fields K[q], K[l] and L[q] were introduced in Definition
16. Note that since q ∈ Qm and σ acts as the identity on K[q], it follows from
the above condition (ii) that l splits completely in K[q]/K into m distinct
primes which stay inert in L[q]/K[q]. Moreover, the fields L[q] and K[l] are
linearly disjoint over K since l is unramified in L[q] and l is totally ramified
in K[l].
Before finishing the proof of Proposition 21 we find it more convenient to
prove Lemma 22 first and then finish the proof of Proposition 21 afterwards.
Proof of Lemma 22. As the maximal abelian subextension ofM/K isKm/K
and L[q]/K is abelian, we have L[q]∩M = L[q]∩Km. Since L[q]/L is totally
ramified at each prime above q and q is unramified in Km/K, we have that
L[q] ∩ Km = L ∩ Km. As p is unramified in L/Q and each prime above p
is totally ramified in Km/K, we also have that L ∩Km = K, and therefore,
L[q]∩M = K. Now, since L[q] andM were shown to be linearly disjoint over
K, there exists a τ ∈ Gal((L[q]·M)/K) which restricts to σ−1 ∈ Gal(L[q]/K)
and to a generator of Gal(M/Km) ⊆ Gal(M/K).
By the Cˇebotarev’s Density Theorem, there are infinitely many primes of
K of absolute degree 1 whose Artin symbol is the conjugacy class of τ . We
can choose among them a prime l not dividing 6q · q1 . . . qs (here q = |OK/q|)
such that ℓ = |OK/l| is unramified in K/Q. Since τ acts as the identity on
Km, it follows that ℓ splits completely in Q(ζm)/Q. It is now clear that the
first two conditions of the lemma are satisfied.
It remains to prove the third condition. Let L be a prime of Km above l.
Since l splits completely in Km/K it follows that OKm/L ∼= OK/l. Moreover,
because 〈τ ∣∣
M
〉 = Gal(M/Km) ∼= Z/pZ, L must be inert in M/Km. From
these observations, it follows that the element π cannot be a p-th power in
(OK/l)×.
Recall that from Artin’s Reciprocity Theorem and the fact that p ∤ |µK |
we have (OK/l)×/m ∼= Gal(K[l]/K) (see (31)). Since π was shown to be a
non p-th power in (OK/l)×, it follows that
(K[l]/K
πOK
)
=
(K[l]/K
q
)h
is not a p-th
power in Gal(K[l]/K). Finally, since Gal(K[l]/K) is a cyclic group of order
m (a power of p), it follows that
(K[l]/K
q
)
must generate Gal(K[l]/K), i.e., q
is inert in K[l]/K. This concludes the proof of Lemma 22.
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We may now finish the proof of Proposition 21. Recall that q is a
fixed prime in Qm. Let l be a prime which satisfies the three conditions
in Lemma 22. As in the proof of Theorem 19, we let ℘s+1 = q, Fs+1 = K[q]
and I ′ = {1, . . . , s+ 1}. We introduce two auxiliary elliptic units:
ηl = NK(lmI)/L[l](ϕlmI)
wK ,
ηˆl = NK(lmI′)/L[ql](ϕlmI′ )
wK ,
where L[ql] means the compositum of L[l] and L[q] (for the definition of
ϕlmI and ϕlmI′ see [7, Definition 2 on page 5]). Since l ∤ 6, we have for any
ζ ∈ µK − {1} that ζ 6≡ 1 (mod l). Combining the previous observation with
the norm relation (6), and the fact that
(L[q]/K
l
)
= σ−1, we may deduce that
NL[ql]/L[l](ηˆl) = η
q(1−Frob(q)−1)
l , (46)
NL[ql]/L[q](ηˆl) = ηˆ
ℓ(1−Frob(l)−1) = ηˆℓ(1−σ), (47)
NL[l]/L(ηl) = η
ℓ(1−Frob(l)−1) = ηℓ(1−σ), (48)
where q = |OK/q|, ℓ = |OK/l|, Frob(q) =
(L[l]/K
q
)
and Frob(l) =
(L[q]/K
l
)
.
In order to compare the different units ηˆl, ηl, ηˆ and η, we shall work in OL[ql]
modulo the product of all the primes of L[ql] above q, which we denote by
qˆ. Since q ∈ Qm, q splits completely in L/K, and by the third condition of
Lemma 22, the primes of L above q are inert in L[l]/L. Therefore, each prime
of L[q] above q is inert in L[ql]/L[q], and so qˆ = q˜OL[ql], where as before q˜
corresponds to the product of all primes of L[q] above q. We therefore have
the following isomorphisms of rings:
OL[q]/q˜ ∼= OL/qOL ∼= (Fq)pk ,
OL[ql]/q˜OL[ql] ∼= OL[l]/qOL[l] ∼= (Fqm)pk .
Since L[q] and L[l] are linearly disjoint over L, it makes sense to extend
Frob(q) ∈ Gal(L[l]/K) to L[ql] in such a way that Frob(q) is the identity
on L[q] and we still denote this extension by Frob(q). In particular, Frob(q)
generates Gal(L[ql]/L[q]).
It follows from the discussion above that Frob(q) acts as raising to the
q-th power on OL[ql]/q˜OL[ql], and that Gal(L[ql]/L[l]) (the inertia group at q)
acts trivially on OL[ql]/q˜OL[ql]. From these two observations, it follows that
the norms NL[ql]/L[l] and NL[ql]/L[q] act on the ring OL[ql]/q˜OL[ql] as raising to
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them-th power and as raising to the
(∑m−1
i=0 q
i
)
-th power, respectively. Since
q ≡ 1 (mod m), there exists a positive integer r such that ∑m−1i=0 qi = mr.
Combining (47), (46), and (48) we find that
ηˆℓ(1−σ) ≡ ηˆmrl ≡ ηqr(1−Frob(q)
−1)
l ≡ ηr(q−1)l ≡ (ηmrl )
q−1
m
≡ ηℓ(1−σ) q−1m (mod q˜OL[ql]). (49)
Finally, since the natural map OL[q]/q˜→ OL[ql]/q˜OL[ql] is injective, it follows
from (49) that ηˆℓ(1−σ) ≡ ηℓ(1−σ) q−1m (mod q˜). This completes the proof of
Proposition 21.
7. Annihilating the ideal class group
For this section we keep the same notation and assumptions as in the
previous sections. In particular, Gal(L/K) = Γ = 〈σ〉 ∼= Z/pkZ and the
extended group of elliptic units CL is defined as the Z[Γ]-submodule of O×L
generated by µK and by the units α1, . . . , αk, see Definition 13.
For each j ∈ {1, . . . , s} recall that nj (a power of p) was defined as the
index of the decomposition group of Pj (a prime of L above ℘j) in Γ (see
Section 1) and that n1 ≤ n2 ≤ . . . ≤ ns (see (14)). For each i ∈ {1, . . . , k}
we define
µi = nmaxMi, (50)
where Mi ⊆ {1, . . . , s} is the set defined in (24). In particular, µi is always
a power of p (possibly trivial). Since Mi ⊆ Mi+1, we always have that
µi ≤ µi+1. Let us call an index i ∈ {1, . . . , k − 1} a jump if µi < µi+1.
Furthermore, we declare the indices 0 and k to be jumps and we set µ0 = 0.
Using the notion of jumps one can write down a Z-basis of CL using only
conjugates of the generators α1, . . . , αk whose indices correspond to jumps.
Lemma 23. Let 0 = s0 < s1 < . . . < sκ = k be the ordered sequence of all
the jumps. Note that κ ≥ 1. Then the set ⋃κt=1{ασist ; 0 ≤ i < pst − pst−1} is
a Z-basis of CL.
Proof. This is proved along similar lines to those in [6, Lemma 5.1]. Let us
just point out the two main ideas. For each 1 < i ≤ k one can show that
NLi/Li−1(αi) ∈ 〈αi−1〉Z[Γ], (51)
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and furthermore, for each 0 < u < v ≤ k such that µu = µv, one may prove
the stronger result that
〈NLv/Lu(αv)〉Z[Γ] = 〈αu〉Z[Γ]. (52)
This concludes the sketch of the proof.
From the explicit Z-basis for CL which appears in Lemma 23 we easily
deduce the following:
Lemma 24. Let r be the highest jump less than k, i.e., µr < µr+1 = ns where
ns is defined in (14). Let us assume that ρ ∈ Z[Γ] is such that αρk ∈ CLr .
Then
(1− σpr)ρ = 0. (53)
Proof. There is a unique polynomial f ∈ Z[x] with deg f < pk, such that
ρ = f(σ). Let φ = xp
k−pr + · · ·+ x2pr + xpr + 1. From the euclidean division
of f by φ there exist polynomials Q, g ∈ Z[x] such that f = φ ·Q+ g where
deg g < pk − pr. By assumption, we have αρk ∈ CLr , and from (52) we know
that α
φ(σ)
k = NLk/Lr(αk) ∈ CLr ; combining these two relations we obtain that
α
g(σ)
k =
α
f(σ)
k
α
φ(σ)Q(σ)
k
∈ CLr . Since {αk, ασk , . . . , ασp
k−pr−1
k } is a part of the Z-basis
given in Lemma 23, and the rest of this Z-basis, namely
⋃κ−1
t=1 {ασ
i
st ; 0 ≤ i <
pst − pst−1}, is also a Z-basis of CLr (using again Lemma 23); we deduce that
g = 0. In particular, ρ = (1+ σp
r
+ σ2p
r
+ · · ·+ σpk−pr)ρ′ for some ρ′ ∈ Z[Γ],
and thus (53) follows.
From Theorem 14, we know that O×L/CL is a finite Z[Γ]-module. Let
(O×L/CL)p and Cl(L)p denote the p-Sylow subgroups of the corresponding
Z[Γ]-modules. The aim of this section is to construct annihilators of Cl(L)p
by means of annihilators of (O×L/CL)p. To do this we appeal to the following
key theorem which allows one to produce annihilators of Cl(L)p from certain
units of L. This theorem should be viewed as a modification of a similar result
obtained first by Thaine (see Proposition 6 of [11]) and then generalized by
Rubin (see Theorem 5.1 of [8]).
Theorem 25. Let m be a power of p divisible by pks. Assume that ε ∈
OL is m-semispecial, suppose that V ⊆ L×/m is a finitely generated Z[Γ]-
submodule, and that the class containing ε belongs to V . Let z : V → Z/m[Γ]
be a Z[Γ]-linear map such that z(V ∩ K×) = 0, where V ∩ K× is taken to
mean V ∩ (K×L×m/L×m). Then z(ε) annihilates Cl(L)p/(m/pk(s−1)).
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Proof. This can be proved along similar lines as those in [2, Theorem 12]. In
order to guide the reader to make the necessary modifications needed for the
proof we chose to state below Theorem 26 (the needed version of [2, Theorem
17] which has its origin in [8, Theorem 5.5]). This concludes our rough sketch
of the proof.
Theorem 26. Fix a p-power m, suppose that V ⊆ L×/m is a finitely gen-
erated Zp[Γ]-submodule. Without loss of generality we may assume that we
have chosen a set of generators of V which belongs to OL. Let us suppose
that we are given a Zp[Γ]-linear map z : V → Z/m[Γ] which is such that
z(V ∩ K×) = 0. Then, for any c ∈ Cl(L)p, there exist infinitely many
unramified primes Q in L of absolute degree 1 satisfying the following condi-
tions:
Let q be the prime ideal of K below Q and q be the rational prime number
below q.
(i) [Q] = c, where [Q] is the projection of the ideal class of Q into Cl(L)p;
(ii) q ≡ 1 +m (mod m2);
(iii) for each j = 1, . . . , s, the class of πj is an m-th power in (OK/q)×;
(iv) the support of any of the chosen generators of V does not contain any
prime of L above q, and there is a Zp[Γ]-linear map ϕ : (OL/q)×/m→
Z/m[Γ] such that the following diagram
V
z //
ψ

Z/m[Γ]
(OL/q)×/m
ϕ
88
♣
♣
♣
♣
♣
♣
commutes, where ψ corresponds to the reduction map.
Proof. This can be proved in the same way as [2, Theorem 17].
We may finally present the main result of this paper.
Theorem 27. Let r be the highest jump less than k, i.e., µr < µr+1 = ns. If
κ ∈ AnnZ[Γ]((O×L/CL)p), then (1− σpr)κ annihilates Cl(L)p. In other words,
we have
AnnZ[Γ]((O×L/CL)p) ⊆ AnnZ[Γ]((1− σp
r
)Cl(L)p).
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The number r can be characterized as follows: pk−r = max{tj ; j ∈ J}, where
J = {j ∈ {1, . . . , s}; nj = ns}.
Proof. Fix a p-power m which is large enough so that m ∤ pkshL and let
κ ∈ AnnZ[Γ]((O×L/CL)p)
be a fixed annihilator. We shall first construct a Z[Γ]-linear map z′ : O×L →
Z[Γ], that will only depend on the annihilator κ, and then consider the
induced map z : O×L/m → Z/m[Γ]. Let f be the greatest divisor of the
index [O×L : CL] which is not divisible by p. Then
fκ ∈ AnnZ[Γ](O×L/CL),
and thus, for any unit ε ∈ O×L , we have εfκ ∈ CL. From Lemma 23, there
is ρ ∈ Z[Γ] and δ ∈ CLr such that εfκ = δαρk. We define z′(ε) = (1 − σp
r
)ρ.
Let us check that the the map z′ is well-defined. If εfκ = δ′αρ
′
k for some
ρ′ ∈ Z[Γ] and δ′ ∈ CLr , then αρ−ρ
′
k = δ
′δ−1 ∈ CLr ; applying Lemma 24 we
find that (1 − σpr)(ρ − ρ′) = 0, and so z′ is well-defined. It follows directly
from the definition of z′ that z′(αk) = (1 − σpr)fκ and that z′(ε) = 0 if
ε ∈ O×L ∩K× = µK .
Let V = O×L /m. We want to apply Theorem 25 to the Zp[Γ]-linear map
z : V → Z/m[Γ] determined by the map z′. Now, from Theorem 19, we
know that αk ∈ O×L is m-semispecial and therefore, from Theorem 25, we
obtain that z(αk) = (1 − σpr)fκ annihilates Cl(L)p/(m/pk(s−1)). Finally,
since p ∤ f and m ∤ pkshL, it follows that Cl(L)p/(m/p
k(s−1)) = Cl(L)p, and
therefore (1− σpr)κ annihilates Cl(L)p.
It remains to prove the last equality in Theorem 27 which gives a char-
acterization of the index r. Recall that for each index i ∈ {1, . . . , k},
Mi = {j ∈ {1, . . . , s} : tj > pk−i} by (24) and that µi = nmaxMi by (50). It
follows from the definitions of J and µi that
µi < ns ⇐⇒Mi ∩ J = ∅. (54)
In particular, if we set i = r in (54) we find that Mr ∩ J = ∅ and therefore,
for each j ∈ J we must have the inequality (a) tj ≤ pk−r. Let us show that
the reverse inequality holds true for at least one index. Since µr+1 = ns
it follows from (54) that Mr+1 ∩ J 6= ∅. Hence there must exist at least
one index j0 ∈ Mr+1 ∩ J ; and by definition of Mr+1, we must have that (b)
tj0 > p
k−(r+1). Finally, combining the inequalities (a) and (b) together we
find that tj0 = p
k−r and thus pk−r = tj0 = max{tj; j ∈ J}.
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